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Quantum versus Kinetic Hamiltonian systems

Both the N-body Schrodinger and Liouville equations, and the mean-field Hartree-Fock and
Vlasov equations can be written under the form

atf — {H7 f}
o Classical setting, f = f(t, x,£) is a measure on the phase space. Bracket: the Poisson
Bracket {H, f} = V,H -V¢f —VeH -V, f. Momentum: p = €.
e Quantum setting f = p(t) is a compact operator acting on L*(R?). Bracket: the scaled
commutator {H, p} = = (Hp — pH). Momentum: p = —ihV.

Hamiltonian
Mean-field case: Hy = @ + Vi — haX ¥
N 2
N-Body case: Hy=> |p;’" - Y K(zj — )
9=1 1<g<k<N
Potential

e Pair interaction potential K. Example: singular potential

1
K(@) = o Lo with @ € (0,1

e Mean-field potential Vy = K * of where gy is the spatial density.

e [ixchange term Xz (additional corrector in the case of fermions)

The Kinetic—Quantum dictionnary

e Spatial density

Qf(CIZ‘) — JRd fx,§)d¢ QP('I) — hdp(.ilf,flj)

e Moments

R2 M, = h*Tr(|p|" p)

e Lebesgue norms
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e (Gradients

Vaf = {_€7f}7 vff — {ZC,f} V.p = {_p7 p}7 Vﬁp: {f,p}

Weak-strong stability and classical limit

Proposition (LL, Saffirio [LS21])

Let f1 and f> be solutions of Vlasov equation with fs initially sufficiently smooth. Then
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Proof: Compute the equation for the difference of two solutions
(O +&- Vo= VVI- Vi) (fi — f2) = (VVI = V%) - Vfy,
so that, since V' = K x p, it holds

Oy /RM 1= foldzd€ = — /RM (01— 02) VK /Rd sen(f1 — f2) Vefod€da
<|fi = foll | VK + [ 1Vefaldg|
Towards quantum. Analogous semiclassical inequalities. Example with d = 3

[ gae < s

2d ‘ZB . CUO‘

L3,1L1 h2 Tr
LS

[‘33_—15’70|’ P” N H‘Q‘VSP\‘ [3+e

Theorem (LL. Saffirio [LS21])

Let f solution of Vlasov equation initially sufficiently smooth, p a solution of the Hartree-

(Fock) equation and p be the Weyl quantization of f. Then

|0 = o4l < (|0 = A7), + Crt) B) M

Towards the mean-field limit. Go to an L? setting to use Fock spaces and Bogoliubov
transformations. Weak-strong stability”? Yes, for square roots! If both solutions are bounded
in phase space and f is regular enough, then [CLS22],

VP =Py < (‘ﬁ — Py
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Combined mean-field and semiclassical limit

Smooth interactions

e bosons (Narnhofer-Sewel [NS81], Spohn [Spo91], Graffi et al. [GMPO03], Golse-Mouhot-Paul [GMP16, GP17])
e fermions, A = N~/3 (Elgart et al. [EESY04], Benedikter et al. [BPS14, BJP*16], Petrat-Pickl [PP16))

Singular interactions (fermions, h = N=1/3)
e conditional results (Porta et al [PRSS17], Saffirio [Saf18])

B Higher densities of bosons
. h=N"18 S h=N"1?

N1t —=0h=1)
» Hartree(-Fock)

o Lower densities of
bosons and fermions

Schrodinger

h —
h— 0 (N = c0)
Newton Vlasov

Nt =0 (=0 |

Theorem (Chong, LL, Saffirio [CLS21])

Let p be a solution of the Hartree—Fock equation initially smooth in a semiclassical sense.
Then there exists k, T > 0, piy , € L'(F) such that for any py solution of Schrodinger

equation with initial condition py € L}(F) commuting with A/, for any ¢ € [0, T]

C At | |
HpN:I - pHLil 5 N?/Q (1 T H(N_'_ N>k (pljl\lf - pfir\lf,p)| /;1(]:))

where X is independent of A if a < 1/2 and N~Y? < h < N~1/3,

Main steps of the proof

e Propagate regularity for p uniformly in A

p, V.p, Vep e LP(1+ |p|")
e Purification of mixed states

» Take an appropriate square root
pn € LYF(LY) = vy € L2(F(L?) such that |vy|* = py
» Identity the kernel of the operator with a function of a double Fock space
vy € L(F(L%) = V,, € F(L*® L7
e Bogoliubov transtormation Ry = R,
U, = Rf "™ R, O™
e Number of particles outside the Bogoliubov state py , such that
U, =Rie™ RO

PN.p
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